Grouping Product Variants based on Alternate Machines for Each Operation  by Navaei, Javad & ElMaraghy, Hoda
 Procedia CIRP  17 ( 2014 )  61 – 66 
Available online at www.sciencedirect.com
2212-8271 Crown Copyright © 2014 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
Selection and peer-review under responsibility of the International Scientific Committee of “The 47th CIRP Conference on Manufacturing Systems” 
in the person of the Conference Chair Professor Hoda ElMaraghy” 
doi: 10.1016/j.procir.2014.01.124 
ScienceDirect
Variety Management in Manufacturing. Proceedings of the 47th CIRP Conference on Manufacturing 
Systems 
Grouping Product Variants Based on Alternate Machines for Each 
Operation  
 Javad Navaei, Hoda ElMaraghy*  
Intelligent Manufacturing Systems (IMS) Centre, University of Windsor, Windsor, ON, Canada  N9B 3P4 
 
* Corresponding author. Tel.: +1 519 253 3000; E-mail address:hae@uwindsor.ca  (H. ElMaraghy) 
Abstract 
A new method for calculating the commonality between product variants in terms of machine usage is proposed. Grouping products has been 
studied by various authors under different titles such as product family formation, cell formation, part-machine groups formation. However, 
having more than one alternative machine that can be selected for performing an operation has not been considered in the area of grouping 
product variants. In this paper, it is assumed that each product variant requires some operations and for each operation there exist some 
alternative machines. The focus is on grouping the products and consequently, building a dendogram based on commonality. A new method for 
grouping the products is proposed and a dendogram is depicted by using Average Linkage Clustering (ALC). The resulting dendogram is very 
helpful as it shows the levels of similarity between product variants and can be further used by product designers, process planners and 
production planners. 
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1. Introduction 
Manufacturing systems in 21st century are increasingly 
faced with changing demands. In order to survive and compete 
in such environment, manufacturing systems should be able to 
react effectively to changes. For that reason, many 
manufacturing systems are shifting from mass production to 
mass customization to produce different types of products. 
Consequently, having an efficient production plan is very 
important. One of the strategies for achieving such an efficient 
plan is to group the products based on their commonality in 
order to benefit from sharing common resources. One of the 
earliest and most popular methods for products cluster 
formation in the literature is Jaccard’s similarity coefficient 
[1]. This method groups different parts/products based on 
similarity of their operations. In other words, grouping 
products would be merely based on the number of identical 
operations amongst product variants. However, relying only 
on this criterion is not sufficient since many operations can be 
done by alternative machines.  
In this paper, it is assumed that there are different types of 
products, each of which requires a number of operations. 
There are different machines and each machine is capable of 
performing at least one type of operation. Thus, for each 
operation there is at least one candidate machine. The 
proposed method uses probabilistic principles to find the 
matrix of relationship between products and machines. Then, 
for each pair of products, the commonality coefficient is 
calculated and finally, the corresponding dendogram is 
depicted using Average Linkage Clustering (ALC) algorithm. 
Note that this paper does not address alternate routing on 
given machines. Because, in alternate routing on given 
machines, it is assumed that machines are all available at time 
zero and the problem is finding the best route for each 
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product. In contrast, in this paper, machines are not 
necessarily available at time zero and selecting (and probably 
buying) machines is one of the decisions that can be made 
after grouping products. 
On the other hand, the problem, which will be discussed in 
more details in Section 3, differs from alternative routing 
problem. Alternative routing refers to alternative process plans 
(see for example [1-2]). It means that, for each product, there 
is a set of alternative routes and each route has a sequence of 
operations and the problem is finding the best route (the best 
alternative process plan) for each product [2]. However, in our 
problem, for each product, there is only one process plan 
consisting of a set of operations. But, for each operation, there 
are some eligible machines and only one machine is selected 
to perform that operation. Now, if a machine is selected for 
performing an operation of a given product, it is still can be 
one of the alternatives for performing another operation of that 
product provided that the machine is capable of doing that. 
 The rest of the paper is organized as follows. In Section 2, 
a state-of-art literature survey is conducted in the area of 
product family formation. The problem and proposed method 
are described in Section 3. Section 4 illustrates the ALC 
algorithm and how it works. Finally, Section 5 contains 
conclusions. 
 
2. Literature review 
Grouping products has been investigated by various authors 
in the literature. Most considered products in either 
reconfigurable manufacturing systems (RMS) or cellular 
manufacturing systems.  
Abdi and Labib [3] developed a method for grouping 
products in an RMS. They claimed that previously no one had 
applied product formation in an RMS. To group the products, 
they used some criteria namely operational similarity, product 
family efficiency and products configurability. For operational 
similarity, they used Jacard’s similarity coefficient. Yin and 
Yasuda [1] conducted a survey on the similarity coefficient 
methods used in cell formation problems. They reviewed more 
than 160 academic sources. According to their findings, 
Jacard’s similarity coefficient is the most employed one 
because of its simplicity and popularity.  
Galan et al. [4] proposed a methodology to group products 
in a reconfigurable manufacturing system. The methodology is 
based on the Average Linkage Clustering Algorithm (ALCA) 
and simultaneously considers five important factors in RMS 
namely, modularity, commonality, compatibility, reusability, 
and demand to form product families. Next, an initial matrix is 
built and by using ALCA at each stage, products are grouped 
further till all the products are grouped under one family and 
the corresponding dendogram is depicted accordingly. In a 
similar work, Galan et al. [5] presented the same methodology 
to form product families in an RMS. However, at this work, 
the requirements of products in RMS, modularity, 
commonality, compatibility, reusability, and demand were 
explained along with their formulae. After constructing the 
matrices for each requirement, AHP used to weight the 
measurements so that the products can be shown in a unique 
matrix. Pattanaik et al. [6]  considered a reconfigurable 
manufacturing system in which machine cells were designed 
to operate specific types of products. Each machine has two 
kinds of modules: basic and auxiliary modules. The objective 
was designing some cells and assigning some machines to 
each cell. On the other hand, there were some parts, each of 
which required some operations and these parts, which should 
be assigned to the cells. The authors developed similarity 
measures between machines and similarity measures between 
operations. The objective function minimized the total 
changes in auxiliary modules by maximizing the similarity 
measures between machines and minimizing the inter-cellular 
movements by maximizing the operation diversity at each cell. 
Galan [7] explained the same problem but in more details. 
Having found five matrices and used AHP to place them in a 
unique matrix, the dendogram was built. Then, the objective 
function, minimizing reconfigurability and under-utilization 
costs, was elaborated.  Pattanaik and Kumar [8]  proposed a 
method for product family formation in an RMS by 
considering two criteria namely commonality coefficients (as 
functionality) and product demand (as capacity) to group the 
products in different families. For commonality, similar to 
many other scholars, they applied Jaccard’s similarity 
coefficient. Since there are conflicting objectives, a non-
dominated sorting genetic algorithm (NSGA-II) was proposed 
to find Pareto optimal solutions. Eguia et al. [9] considered a 
Reconfigurable Disassembly System (RDS) in which different 
products can be disassembled very fast and efficient. The 
paper focuses on first designing product families and then 
sequencing them in RDS. Grouping the products in families 
was conducted by considering common features among them 
by using Hierarchical Clustering Algorithm. An MILP model 
was proposed to find the best level of dendogram and also the 
best sequence of families to minimize the costs. Two different 
types of costs were considered: Reconfiguration cost and 
Underutilization cost [4]. Then, a small numerical example 
was applied and finally, sensitivity analysis was conducted 
with respect to cost coefficients to validate the model. 
Goyal et al. [10] proposed a similarity coefficient namely 
BMIM (Bypassing Moves and Idle Machines) which is based 
on the longest operation sequence. The longest and shortest 
composite super sequence (LCS, SCS) were calculated, then a 
mathematical model was developed to determine the 
minimum number of bypassing moves and idle machines in 
order to calculate the BMIM similarity coefficient. Eguia et al. 
[11]  considered a reconfigurable cellular manufacturing 
system (RCMS) with multiple reconfigurable machine cells. 
First, the average linkage clustering (ALC) was applied to 
build a dendogram for the products. Next, a mixed integer 
linear programming (MILP) model was developed to select 
the level of dendogram, to assign the families of that level to 
the available cells, and to schedule the part families within 
each cell. 
ElMaraghy et al.[12] for the first time, proposed an 
algorithm for studying the evolution in manufacturing system. 
This method is “Cladistics” which has previously been used in 
the field of biological systematic. The method is generally 
based on the classification of groups’ entities in a hierarchical 
form and placing them into discrete sets and subsets to find 
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the best parsimonious cladogram. They used engine cylinder 
blocks as their case study to demonstrate the efficiency of 
their method. The proposed cladogram is capable of 
classifying the engine cylinder blocks in a very informative 
structure. It contains valuable information regarding past and 
possible future evolutions. 
Mosier et al. [13] conducted a survey regarding the 
previous works in the field of similarity coefficient methods 
for group technology. They reviewed 24 scholars and 
accordingly, they compared the proposed methods and gave 
some future direction in this area.    
One of the most relevant work regarding alternative 
manufacturing machines is by Nonaka et al. [2]. They used a 
workshop consisting of CNC machines and considered three 
practical decision making issues. First, for each product there 
are some alternative routes. Secondly, for each operation of a 
product, there are some machine candidates and, finally for 
each machine the sequence of the operations should be 
determined. Their proposed method consists of two main 
parts: a mathematical programming for selecting the best route 
among the alternative routes and a tabu search optimization 
algorithm for assigning machines to operations. A real life 
case study was applied to prove the efficacy of the proposed 
method. However, they did not use the similarity between the 
products in terms of their common operations. 
According to the literature review, in the field of grouping 
product variants, no one has considered the finer level of 
granularity case in which an operation of a product can be 
performed on alternative machines. However, we can find a 
similar problem, alternate machines for each operation and 
alternate route for each product, in other areas [2]. For that 
reason, the proposed method for grouping products is 
considered new and represents the main contribution. 
 
 
3. Problem statement and proposed method description 
In this section, first the problem will be explained in more 
details. Next, a new method is proposed to find the 
commonality of the products based on their machine usage. 
 
3.1 Problem statement 
As mentioned before, there are different types of products. 
Each product variant has a number of operations. Each 
operation needs a machine to be accomplished. On the other 
hand, there are different types of machines with different 
capabilities. In other words, each machine is capable of 
performing at least one type of operation and for each type of 
operation there is at least one candidate machine.  Therefore, 
in order for a product to be finalized, it needs at least one 
machine (if that machine is capable of performing the entire 
product’s operations) and at most machines equal to the 
number of its operations if each is to be performed on a 
different machine. Note that there is a cost of moving 
products from one machine to another for set-up and re-
certification but these costs are more relevant to scheduling 
and are not considered in this paper since what we are 
proposing here is finding a way for grouping the product 
variants based on their commonality of having similar 
alternate machines. 
It is also noteworthy to mention that despite the fact that 
there are different product variants, they all belong to a 
product family. In other words, each product has some 
common operations (and hence, some common alternative 
machines) with other products and they are not completely 
different.   
The objective is to grouping the products based on their 
commonality in terms of machine usage. The output can be 
used by different experts such as designers to modify their 
rudimentary designs, process planers to modify master 
process plans or production planners to update master 
production schedules. To achieve this objective, a new 
method for grouping product is proposed. 
 
3.2 Proposed method 
A method for calculating product variants commonality 
based on the probability of using the same machines to 
perform the operations is proposed. For ease of 
understanding, each step of the algorithm is described by 
using an illustrative example. 
After finding the commonality coefficient between each pair 
of products, Average Linkage Clustering (ALC) algorithm is 
used for further grouping products and finally building a 
dendogram. 
A matrix to represent the relationships between pairs of 
products and operations, operations and machines, and finally 
products and machines is used. 
As an illustrative example, suppose that there are four types of 
products with some operations mentioned in the following 
matrix: 
 
 
O1 O2 O3 O4 O5 O6 
P1 1 1 1 0 0 0 
P2 0 1 0 1 0 1 
P3 1 0 1 0 1 0 
P4 1 0 0 1 1 1 
 
 
Above matrix (Matrix A) shows the relationship between 
products and operations in which products are rows and 
operations are columns of the matrix. If product variant i(Pi) 
has operation type j (Oj), then aij=1 otherwise aij=0.  
On the other hand, as aforementioned, for each operation, 
there is at least one candidate machine. Suppose that: 
 
O1: M1, M3     O2: M1, M2, M3, M4     O3: M1, M2    O4: 
M3     O5: M3     O6: M1, M3, M4 
 
For instance, operation number 3 (O3) can be performed 
either by machine number 1 (M1) or machine number 2 (M2); 
or, O4 can only be done by using M3. 
Now, a non-binary incidence matrix (Matrix B) for operations 
and machines is constructed. In this matrix, operations are in 
the rows and machines are in the columns. Here, using 0 and 
1 to show the relationship between operations and machines is 
not accurate since a given operation is not using all of its 
alternate machines to be performed. For instance, O3 does not 
need both M1 and M2 simultaneously for being performed 
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and it needs either M1 or M2 to be accomplished. Therefore, a 
reasonable assumption is that each alternative machine has an 
equal chance to be selected for a given operation. Hence, 
Matrix B can be shown as follows: 
 
 
M1 M2 M3 M4 
O1 0.5 0 0.5 0 
O2 0.25 0.25 0.25 0.25 
O3 0.5 0.5 0 0 
O4 0 0 1 0 
O5 0 0 1 0 
O6 0.33 0 0.33 0.33 
 
 
In matrix B, the summation of values at each row is equal 
to 1 and they demonstrate the probability of selecting a 
particular machine to perform an operation. Note that 
assuming equal probability in matrix B is just an example in 
our paper and based on the situation and importance of a 
machine over other machines, we can consider different 
weights for machines (however, the summation of these 
weights for each row of matrix B should be equal to 1). 
Next, the matrix of relationships between products and 
machines (matrix C) is obtained by multiplying two previous 
matrices to each other (A×B). The elements of this matrix 
show the strength of the relationship between a product and a 
machine is. If cij is zero then there is no relationship between 
that machine and that product. 
 
M1 M2 M3 M4 
P1 1.25 0.75 0.75 0.25 
P2 0.58 0.25 1.58 0.58 
P3 1 0.5 1.5 0 
P4 0.83 0 2.83 0.33 
 
 
When we multiply the binary incidence matrix with the 
operation membership matrix (matrices A and B), the 
obtained matrix (matrix C) shows the relationship between 
each product and each machine. The summation of values at 
each row of matrix C gives the number of operations the 
product owns and equivalently gives the number of machines 
needed for performing those operations.  
The commonality coefficient between each pair of products is 
calculated next by calculating the commonality of those 
products for each machine. Then, the results are summed 
(weighted sum).We use weighted sum to normalize the values 
to be between zero and one in order to be further used for 
depicting a dendogram. 
To find the commonality value of each pair for each machine, 
the values of those products (for that machine) are multiplied 
together and the result is divided over the multiplication of 
two maximum values for that machine. In our example, the 
commonality between products 1 and 2 for machine 1 is equal 
to ଵǤଶହൈ଴Ǥହ଼ଵǤଶହൈଵ . This value for machines 2, 3 and 4 are equal to 
଴Ǥ଻ହൈ଴Ǥଶହ
଴Ǥ଻ହൈ଴Ǥହ , 
଴Ǥ଻ହൈଵǤହ଼
ଵǤହ଼ൈଶǤ଼ଷ, and 
଴Ǥଶହൈ଴Ǥହ଼
଴Ǥହ଼ൈ଴Ǥଷଷ respectively. Therefore, the 
commonality coefficient between P1 and P2 (S12) is the 
weighted sum of the obtained value and is as follows: 
 
 
ଵܵଶ ൌ ͲǤʹͷǤ
ͳǤʹͷ ൈ ͲǤͷͺ
ͳǤʹͷ ൈ ͳ ൅ ͲǤʹͷǤ
ͲǤ͹ͷ ൈ ͲǤʹͷ
ͲǤ͹ͷ ൈ ͲǤͷ
൅ ͲǤʹͷǤ ͲǤ͹ͷ ൈ ͳǤͷͺͳǤͷͺ ൈ ʹǤͺ͵ ൅ ͲǤʹͷǤ
ͲǤʹͷ ൈ ͲǤͷͺ
ͲǤͷͺ ൈ ͲǤ͵͵
ൌ ͲǤͷʹ͸ 
 
 
The same procedure is carried out to calculate the 
commonality coefficient for other pairs. 
 
 
ଵܵଷ ൌ ͲǤʹͷǤ
ͳǤʹͷ ൈ ͳ
ͳǤʹͷ ൈ ͳ ൅ ͲǤʹͷǤ
ͲǤ͹ͷ ൈ ͲǤͷ
ͲǤ͹ͷ ൈ ͲǤͷ ൅ ͲǤʹͷǤ
ͲǤ͹ͷ ൈ ͳǤͷ
ͳǤͷͺ ൈ ʹǤͺ͵
൅ ͲǤʹͷǤ ͲǤʹͷ ൈ ͲͲǤͷͺ ൈ ͲǤ͵͵ ൌ ͲǤͷ͸͵ 
 
 
 
ଵܵସ ൌ ͲǤʹͷǤ
ͳǤʹͷ ൈ ͲǤͺ͵
ͳǤʹͷ ൈ ͳ ൅ ͲǤʹͷǤ
ͲǤ͹ͷ ൈ Ͳ
ͲǤ͹ͷ ൈ ͲǤͷ
൅ ͲǤʹͷǤ ͲǤ͹ͷ ൈ ʹǤͺ͵ͳǤͷͺ ൈ ʹǤͺ͵ ൅ ͲǤʹͷǤ
ͲǤʹͷ ൈ ͲǤ͵͵
ͲǤͷͺ ൈ ͲǤ͵͵
ൌ ͲǤͶ͵Ͷ 
 
 
 
ܵଶଷ ൌ ͲǤʹͷǤ
ͲǤͷͺ ൈ ͳ
ͳǤʹͷ ൈ ͳ ൅ ͲǤʹͷǤ
ͲǤʹͷ ൈ ͲǤͷ
ͲǤ͹ͷ ൈ ͲǤͷ ൅ ͲǤʹͷǤ
ͳǤͷͺ ൈ ͳǤͷ
ͳǤͷͺ ൈ ʹǤͺ͵
൅ ͲǤʹͷǤ ͲǤͷͺ ൈ ͲͲǤͷͺ ൈ ͲǤ͵͵ ൌ ͲǤ͵͵ʹ 
 
 
 
ܵଶସ ൌ ͲǤʹͷǤ
ͲǤͷͺ ൈ ͲǤͺ͵
ͳǤʹͷ ൈ ͳ ൅ ͲǤʹͷǤ
ͲǤʹͷ ൈ Ͳ
ͲǤ͹ͷ ൈ ͲǤͷ
൅ ͲǤʹͷǤ ͳǤͷͺ ൈ ʹǤͺ͵ͳǤͷͺ ൈ ʹǤͺ͵ ൅ ͲǤʹͷǤ
ͲǤͷͺ ൈ ͲǤ͵͵
ͲǤͷͺ ൈ ͲǤ͵͵
ൌ ͲǤͷͻ͸ 
 
 
 
ܵଷସ ൌ ͲǤʹͷǤ
ͳ ൈ ͲǤͺ͵
ͳǤʹͷ ൈ ͳ ൅ ͲǤʹͷǤ
ͲǤͷ ൈ Ͳ
ͲǤ͹ͷ ൈ ͲǤͷ ൅ ͲǤʹͷǤ
ͳǤͷ ൈ ʹǤͺ͵
ͳǤͷͺ ൈ ʹǤͺ͵
൅ ͲǤʹͷǤ Ͳ ൈ ͲǤ͵͵ͲǤͷͺ ൈ ͲǤ͵͵ ൌ ͲǤͶͲ͵ 
 
 
In our example, it is clear that each commonality 
coefficient has four fractions which are equal to the number of 
machines. If one or both values of a denominator (for a given 
fraction) are zero, then the whole fraction is considered to be 
zero. In fact when the denominator is zero, it means that at 
least one of the two maximum values is zero and hence, the 
value of the numerator is also zero and we consider the result 
as zero. 
 
Table 1 summarizes the commonality between the products in 
considered example. 
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Table 1. Commonality of products (Sxy) 
  P2 P3 P4 
P1 0.526 0.563 0.434 
P2  0.332 0.596 
P3   0.403 
 
Having found the commonality of products, they are to be 
grouped accordingly. One of the most popular ways to group 
products is Average Linkage Clustering (ALC) algorithm. In 
the following sub-section, a brief description of this algorithm 
is brought following by its implementation on our example. 
 
 
3.3 ALC algorithm 
Average Linkage Clustering (ALC) algorithm is a method 
to group the products based on their commonality. In this 
method, first, products with higher commonality index are 
grouped in a family. Then, a sub-matrix consisting of 
ungrouped products and a family of products is built and 
commonalities are calculated accordingly. Next, according to 
the updated values of commonalities, further groupings are 
accomplished. This procedure is repeated until all the 
products are grouped in a single family and a dendogram can 
be drawn consequently. The commonality at each stage can be 
obtained using the following formula [5]: 
 
 
ܵ௠௡ ൌ
σσܵ௫௬
ܰ௠ ൈ ௡ܰ
 
 
Where m and n are families’ indices; x and y are products 
of families m and n respectively; Smn is the commonality 
coefficient between families m and n; and Nm and Nn are the 
number of products at each family [5].  
Following this procedure for the example, P2 and P4 are first 
grouped in a family and the commonality coefficients for 
products are obtained as follows: 
 
S13=0.563     S1,(24)=(0.526+0.434)/2=0.48  
 
S3,(24)=(0.332+0.403)/2=0.368 
 
 
Table 2 summarizes the result. 
 
 
Table2. Commonality of products after first grouping 
  P3 P24 
P1 0.563 0.48 
P3  0.368 
 
 
According to above table, P1 is grouped with P3. 
 
S13,(24)=(0.526+0.434+0.332+0.403)/(2×2)= 0.424 
 
The result of this step is shown in Table 3. 
 
 
Table3. Commonality of products after second grouping 
  P24 
P13 0.424 
 
 
Finally, the dendogram can be drawn as follows: 
 
 
 
  P1 P3 P2 P4 
          
59.60%                 
          
56.30%           
      
      
      
      
42.40%               
    
    
Fig.1. Dendogram presentation for the example. 
 
 
 
4. Summary and conclusion 
 In this paper, a problem in the field of product family 
formation was introduced. In spite of being used in other 
areas, the problem of having alternate machines for each 
operation of a given product for the first time was applied to 
group product variants.  For that reason, a new method for 
calculating product variants commonality based on their 
commonality in terms of using identical machines was 
developed. The proposed method of grouping product variants 
is useful when there are some alternative machines for 
performing operations. After finding the commonality 
coefficient between each pair of products, a dendogram was 
depicted to schematically illustrate the level of similarity 
between product variants and how they may be grouped. The 
output can be used for modifying products design, process 
planning and scheduling. 
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